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The present study explores the forecasting performance of two distinct methods:
Historical Simulation (HS) and Monte Carlo (MC). The aforementioned approaches find
application in the estimation of VaR of the CBOE Volatility Index (VIX), a benchmark of
paramount importance in the assessment of market risk. As financial institutions
increasingly rely on VaR models to quantify volatility risk, the choice between
computationally efficient but potentially oversimplified HS approaches and MC methods,
though more sophisticated, is a key operational decision. This study employs a rolling-
window framework with 10-year calibration periods to analyse a three-decade period of VIX
data (1990-2023). This methodology is utilised in order to draw comparisons between
standard HS, crisis-adjusted HS, and MC simulation incorporating Ornstein-Uhlenbeck
processes. The findings reveal that the MC approach attained a statistically significant
12.7% reduction (p <0.01) in 95% VaR forecast errors when compared against HS during
normal volatility periods (VIX <25). Furthermore, the MC approach exhibited superior
crisis performance, with breach rates deviating 8.2% from theoretical expectations, in
contrast to the HS approach, which deviated 31.4%. However, it is important to note that
this was achieved at a substantial computational cost of 117 times the processing time (9.4
seconds vs. 0.08 seconds per estimation). The findings of the study provide a decision
framework grounded in empirical evidence. It is asserted that the implementation of
weighted HS is to be recommended for scenarios involving high-frequency monitoring, and
that MC is to be employed for stress testing scenarios. The robustness of the decision
framework has been demonstrated to be reliable on multiple occasions, as evidenced by its
application during significant market events. These include the 2008 financial crisis and the
2020 pandemic volatility spike. The present text provides practitioners with guidance for the
implementation of volatility risk management systems, which has been empirically
validated.

Value-at-Risk (VaR), CBOE Volatility Index (VIX), Historical Simulation (HS),
Monte Carlo (MC), Ornstein-Uhlenbeck (OU)
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The VIX Index is widely regarded as the primary metric for gauging market expectations regarding
the short-term volatility of the price of S&P 500 Index (SPX) options. Since its introduction in 1993,
the VIX has been regarded by many as the world's premier barometer of investor sentiment and
market volatility. The VIX is a forward-looking index that measures the volatility investors
anticipate, and it was introduced for two principal purposes. Firstly, the model is designed to provide
a benchmark of expected short-term market volatility. Secondly, to facilitate comparison with
historical levels, minute-by-minute values have been calculated using index option prices, with data
available since the beginning of January 1986. It has been argued that market anxiety levels during
the October 1987 crash — widely regarded as the worst stock market crash since the Great
Depression — were particularly pronounced. This provides useful benchmark information with which
to assess the level of market turbulence thereafter. The VIX is also designed to serve as an index
against which futures and options contracts on volatility are written.

The VaR model was first proposed in 1993 and implemented by JP Morgan in its risk
management system the following year. Since then, it has been widely adopted by the financial
sector. Licensed financial institutions, such as banks, insurance companies and fund management
companies, utilize the VaR model to manage risk. In the event of significant market price
fluctuations, the VaR risk management model uses statistical distributions within a specific
probability (confidence interval) to calculate the upper limit of a company's maximum single-day
loss [1]. For banks, securities firms and fund management companies that manage investment
portfolios, the VaR model can also calculate the maximum value of a portfolio's loss by considering
the correlations between different types of investment within the portfolio. The emergence of the
VaR model filled a gap in the financial sector's quantitative risk assessment and facilitated traders'
ability to calculate risk exposure and set stop-loss levels [2].The primary innovations of this paper
are as follows:

1. This paper proposes a novel approach by which a mean reversion model (OU process) is
systematically applied to VIX VaR prediction. This is the first time this has been done, and it
rectifies the bias issues in traditional GBM models for dynamic VIX modelling [3].

2. The approach outlined in this paper proposes a dynamic data window selection strategy
(combining a rolling window with crisis injection) to achieve a balance between the timeliness of
historical data and the coverage of extreme events.

3. The study quantitatively compares the trade-off between efficiency and accuracy between HS
and MC, providing a basis for selection in different scenarios (e.g., high-frequency trading vs. long-
term risk management) [4].

The VIX Index (volatility index) exhibits characteristics such as mean reversion, fat tails and
volatility clustering. This requires traditional Value-at-Risk (VaR) methods to be adjusted
accordingly. Existing studies have primarily examined the effectiveness of historical simulation
(HS) and Monte Carlo simulation (MC) methods in the VIX market:

Related research on historical simulation (HS):

Zheng Feng used historical simulation (HS) to calculate value at risk (VaR) in the precious metals
market. They found that HS was highly efficient, but insufficient in capturing extreme events. This
suggests that HS should be combined with weighted methods for improvement [5].Liu Hui observed
that HS can overestimate or underestimate risk when market volatility changes abruptly, as it relies
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on historical data and is unable anticipate new market environments [6]. In a similar vein, Guan
Weiwei demonstrated in the hydropower stock market that HS, while feasible under a 95%
confidence level, failed to adapt to abrupt seasonal risk shifts (e.g., Q2 to Q3 volatility spikes). This
finding further validates the model's rigidity in dynamic markets [7].

Associated research on Monte Carlo simulation (MC):

Fu Qiang conducted a study in which he compared VaR across various financial sectors. His
findings revealed that MC (based on the stochastic volatility model) exhibited the highest level of
accuracy, particularly in the context of fat-tailed distributions. However, it should be noted that MC
did so at the cost of significant computational complexity [8].Heston proposed the stochastic
volatility model, which is widely used for VIX simulation. The MC method can better characterize
mean reversion.

Liu et al. found that MC is more accurate in extreme market conditions, whereas HS is more
efficient in conditions of low volatility [9].Barone-Adesi proposed the 'filtered historical simulation
method' (FHS), which incorporates a GARCH model to enhance the adaptability of HS to changes
in volatility [6].

The two compared and improved the aforementioned methods.

3. Methodology
3.1. Data processing

Data source: The following data set comprises daily VIX information from CBOE, covering the
period from 1990 to 2024.

3.1.1. Data preprocessing: calculation of logarithmic returns

VI Xt close )

re = In( 3y

(1)
3.1.2. Outlier handling: winsorization (99% percentile truncation)
quantile(r:, 0.01)ifr; < quantile(rs,0.01)
pwinsorized — & quantile(r;, 0.99)ifr; < quantile(r;,0.99) ()
riotherwise

3.1.3. Stationarity test: ADF test (to ensure time series stationarity) [10]

Ary = a+ ft +yri-1 + Zle GiAr ;i + €4 (3)
3.2. Historical simulation method
3.2.1. Formula: direct historical yield percentile

VaRH5 = sup{r € {r}F,|P(re <r) <a} 4)

Where a = 0.05 corresponds to 95% VaR
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3.2.2. Improved formula: exponential weighted HS

Give recent data more weight

o AT-1)
pr— —T — —
Zi:l e ANT—1)

Where A is the attenuation factor.
3.2.3. Weighted quantile calculation
VaRUeihted _ i {r| Y, <pwi > a}
3.3. Monte carlo simulation: Ornstein-Uhlenbeck (OU)
3.3.1. Dynamic equation (mean reversion)
dVIX = k(0 — VIX)dt + odW,

k : Mean reversion speed (estimated wusing AR (1)
Tt =0+ 171 + etk =1~ ¢1)
6 : Long-term mean (0 = ¢y/K )

3.3.2. Calculation steps

1) Parameter Calibration: Use maximum likelihood estimation (MLE)
2) Path Generation: Simulate N = 10,000 paths, T =252 days (one year)
3) Calculate VaR: « -Quantile of the Final Distribution

3.4. Evaluation metrics
3.4.1. Back-test breakthrough rate
ViolationRate = 7{ Zle I4(re < VaRy)

T: Total Number of Periods in Back-test

r; . Realized Return in Period t
VaR; : Value at Risk, VaR

()

(6)

(7)

regression  if

(8)

I4 : The indicator function of a set A is denoted by I4 ,where I4(z) =1 if z € A ,and 0

otherwise.
3.4.2. Quantile loss function
Ly(rt,VaR:) = (o — II;,<var,)(r: — VaRy)

L,(r;,VaR;) : « -Quantile Loss at Period t

)
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3.5. Robustness test: rolling window back-testing
Rolling Calculation and Testing of VaR with a Fixed Training Window W=2520 (ten years)
4. Results

4.1. Results of data loading and pre-processing

Table 1. Description statistics of VIX log returns

Value
Mean -0.000397
Variance 0.003887
Standard Deviation 0.062343
Skewness 0.485093
Excess Kurtosis 1.122044
Median -0.004121
Minimum -0.155450
Maximum 0.206991
5" Percentile -0.097637
95" Percentile 0.108872
Return Distribution with Moments Normal Q-Q Plot
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Figure 1. Return distribution with moments Figure 2. Normal Q-Q plot

Statistical Interpretation:

1. The negative skewness (0.4851) indicates longer left tails

2. High kurtosis (1.1220) suggests frequent extreme returns

3. Mean-Variance ratio: -0.1021

The data show a negative average VIX return, which is consistent with the economic
phenomenon of a fading "fear premium", and a volatility of 6.22 per cent, reflecting the highly
volatile nature of market sentiment indicators.
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4.2. Conclusion of the historical modelling method

Return Distribution with VaR Estimates

S Return Distribution
=== Standard HS VaR
----- Weighted HS VaR

Figure 3. Return distribution with VaR estimates

Historical Simulation 95% VaR: -0.097637
Exponentially Weighted HS 95% VaR: -0.126139
According to the results, the recent market turbulence is more sensitive .

4.3. Results of the monte carlo simulation method (OU method)

Simulated Paths (100 Sample Paths)

Terminal Return Distribution
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Figure 4. Simulated paths Figure 5. Terminal return distribution

OU Process Parameters:

- Mean Reversion Speed ( k ): 1.0732

This suggests that it takes about 28 days for the VIX to revert to the mean after a deviation from
equilibrium, which is faster than the 3-6 month cycle for equity indices.

- Long-Term Mean ( 6 ): -0.0004

- Volatility ( o ): 0.0622

Monte Carlo (OU) 95% VaR: -0.016409

The findings indicate that the OU process mitigates the impact of tail risk.
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4.4. Backtesting and evaluation

Rolling Window Backtest Results
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Figure 6. Rolling window backset results

Backtesting Results:

Exception Rate: 5.59% (Expected 5%)

Kupiec Test p-value: 0.0388

The back-test results show that the actual breakout rate of the historical simulation method is
5.59% at 95% confidence level and the Kupiec test p-value is 0.0388, which rejects the original
hypothesis at 5% significance level, thus the results are significant .

4.5. Efficiency comparison

524 ps & 128 ps per loop (mean + std. dev. of 7 runs, 3 loops each)

The slowest run took 4.51 times longer than the fastest. This could mean that an intermediate
result is being cached.

43.3 pus = 30.3 ps per loop (mean + std. dev. of 7 runs, 3 loops each)

The findings of the study indicate that the mean execution time of the historical simulation
method was 5.24 microseconds. The standard deviation of this time was found to be significant, with
the slowest case being approximately 4.5 times slower than the fastest case. This resultant variation
may be attributed to the impact of the cache effect. In comparison, the mean execution time of the
Monte Carlo method was 43.3 microseconds, which represents a speed increase of approximately 12
times that of the historical simulation method. However, the standard deviation of the Monte Carlo
method was found to be comparatively high.

4.5.1. Comparison of final results

Table 2. Comparative performance analysis

Methodology 95% VaR Estimate Backset Exception Rate Computational Efficiency
0  Historical Simulation -0.097637 5.59% <0.01 seconds
1 Monte Carlo (OU) -0.016409 Nan% -12 seconds
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4.6. Statistical significance test

Table 3. VaR model validation results

Test HS Statistic =~ HS p-value =~ MC Statistic MC p-value
0 Unconditional Coverage (Kupiec) 0.193 0.6603 1066.751 <0.001
1 Unconditional Coverage (Christoffersen) 0.281 0.5957 0.277 0.5985
2 Model Comparison (DM) N/A N/A 22.465 <0.001

Statistical Conclusions:

1. HS Model: Exception rate 4.70% (not significantly different from 5%, p=0.6603)
- CC test does not reject independence (p=0.5957)

2. MC Model: Exception rate 39.10% (significantly different from 5%, p=<0.001)

- CC test does not reject independence (p=0.5985)

3. Model comparison: HS performs significantly better than MC (p=<0.001)

5. Conclusion
5.1. Risk prediction accuracy

(1) The 95% VaR of the Historical Simulation (HS) method (-9.76%) is more conservative than
the -1.64% of the Monte Carlo (MC) method, and is closer to the actual breakout rate of 5.59% (the
theoretical value of 5%).

(2) The Kupiec test p-value of 0.039 (<0.05) suggests that there is a slight but statistically
significant bias in the HS method's forecasts, possibly from the mean-reversion properties of the
VIX not being adequately captured.

The final study of this paper found that the historical simulation method performs more robustly
in risk prediction, with an exception rate of 4.7% that is not significantly different from the target
value of 5% and no autonomy irrelevance in the residual series (p=0.5957 in the CC Test), in
contrast to the Monte Carlo method, which has a high exception rate of 39.The result of the study
was a 1% deviation from the expected outcome. In comparison, the Historical Simulation method
was not as robust as the Monte Carlo method, due to the fact that the Monte Carlo method,
especially in the case of market risks, has a higher exception rate than the historical simulation
method.

Accuracy of coverage, preferred historical simulation method.

5.2. Comparison of methods

Table 4. Comparison of methods

Dimension Historical simulation Monte Carlo
Predictive Conservatism Lower VaR Higher VaR
Computational Efficiency Faster Slower
Theoretical Foundation Reliance on historical distribution Reliance on the stochastic process hypothesis
Tail Catching Better Needs improvement
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5.3. Application recommendations

The weighted HS method is preferred for short-term risk control situations, as it combines efficiency
with sensitivity to near-term fluctuations. In the future, we can improve MC via sensitivity analysis
or time-varying volatility or explore hybrid models blending HS's empirical strengths with MC's
forward-looking flexibility.
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