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Abstract.  This paper develops a state-dependent continuous-time Markov chain (CTMC)
framework for modelling credit rating migration and default risk. Traditional discrete-time
and time-homogeneous approaches often fail to represent the continuous deterioration of
credit quality or produce unstable transition estimates. Likewise, naïve implementations
used in regulatory applications may generate unrealistic forecasts and ignore regime shifts in
economic conditions. These limitations motivate the need for transition rates that adapt to
observable macroeconomic indicators or latent risk factors. To address these issues, this
paper proposes a state-dependent CTMC generator that integrates constrained calibration,
Bayesian inference for discretely observed transitions, and entropy-regularized inverse
modelling to stabilize generator estimation. Using both empirical and simulation studies
across multiple rating systems and economic environments, this study shows that the
proposed model improves transition-rate accuracy, produces more realistic forward-looking
default probabilities, and responds more sensitively to changes in economic conditions than
classical Markov-based benchmarks. The results indicate that state-dependent CTMCs
provide a robust framework for credit risk measurement, stress testing, and scenario
analysis, offering enhanced flexibility for modern risk-management applications.

Keywords:  Continuous-Time Markov Chain (CTMC), State-Dependent Transition Rates,
Credit Rating Migration, Credit Risk Modelling

1. Introduction

Credit risk assessment, portfolio management, valuation adjustments, and regulatory capital
estimation all heavily rely on credit rating migration modeling. Traditional approaches typically rely
on discrete-time Markov chains (DTMCs), which estimate annual or quarterly transition matrices
from historical observations. Despite being computationally easy, DTMCs frequently violate the
embeddability criterion, which states that there is no legitimate infinitesimal generator whose matrix
exponential reproduces the observed transition probabilities, and hence are unable to reflect the
ongoing decline in credit quality [1,2]. These violations lead to negative or economically
implausible transition intensities, creating instability in default probability forecasts. Similar
concerns have been raised in credit risk applications, particularly under IFRS 9, where naïve
DTMC-based probability-of-default (PD) models exhibit unstable long-horizon behaviour and
limited sensitivity to macroeconomic environments [3].
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A rising body of research on continuous-time Markov chains (CTMCs), whose generator matrix
offers a logical depiction of rating dynamics in continuous time, has been spurred by these
constraints. Recent methodological advances highlight the benefits of piecewise- or non-
homogeneous CTMCs, which allow transition intensities to vary over time or across economic
regimes [4,5]. Such extensions are particularly relevant for point-in-time (PIT) credit modelling, as
rating transitions are known to be sensitive to business cycles, government interventions, and
macroeconomic shocks [6]. Applications in structured credit markets and asset-backed securities
similarly show that time-varying transition structures are essential to accurately reflect underlying
risk drivers [7].

Estimating a meaningful CTMC generator from sparse or discretely observed migration data can
be technically challenging, however. Structural constraints must hold (e.g., non-negativity of off-
diagonal intensities and zero row sums), and the generator must admit embeddability. Empirical
practice has demonstrated that naïve matrix log implementations tend to fail, especially for noisy
data or small sample sizes [8]. To this end, recent works proposed various alternative ways of
estimating CTMCs. Bayesian methods for sparsely observed CTMCs have provided a probabilistic
formulation of uncertainty in sparse transitions and demonstrated promising computational
scalability [9]. On the parallel side, techniques for entropy regularized inverse optimization of
generators stabilize generator estimates by imposing smoothness and consistency with cumulative
default statistics [10]. All of these developments foreshadow unified modelling frameworks that can
incorporate structural constraints, economic dependence, and sound statistical inference.

Applications across credit portfolios, corporate borrowers, and banking clients further
demonstrate the practical relevance of CTMCs. Empirical studies on long-term rating behaviour,
transition structures in emerging markets, and default risk in complex systems all indicate that
continuous-time representations capture migration patterns more accurately than their discrete
counterparts [11-13]. Collectively, the literature shows substantial evidence that CTMCs produce
smoother rating trajectories, more realistic default term structures, and greater sensitivity to
economic conditions than DTMCs.

Inspired by these developments, this paper proposes a state-dependent CTMC framework in
which transition intensities evolve with macroeconomic indicators or latent risk factors. The model
integrates constrained generator calibration to ensure mathematical feasibility, Bayesian inference to
accommodate uncertainty under sparse migration data, and entropy-regularized inverse modelling to
handle structural illposedness. By combining these complementary methodological components, the
proposed framework aims to provide a more flexible and economically interpretable foundation for
analyzing credit rating dynamics. This modelling strategy is expected to support forward-looking
credit risk assessment, improve scenario-based analysis, and offer guidance for risk management
applications where transition behaviour is influenced by changing economic conditions.

2. Literature review

The literature on credit rating migration modelling spans discrete-time approaches, continuous-time
Markov processes, generator estimation techniques, and state-dependent or non-homogeneous
extensions. This section reviews the strands of research most relevant to the development of a state-
dependent continuous-time Markov chain (CTMC) framework for credit risk.
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2.1. Discrete-time transition models and their limitations

Early credit migration studies overwhelmingly relied on discrete-time Markov chains (DTMCs),
estimating annual or quarterly transition matrices directly from empirical frequencies. Applications
include clustering-based transition modelling, transition matrix construction for banking clients [12],
and empirical analyses of credit asset-backed securities [7,11]. These methods remain widely used
due to their simplicity. However, DTMCs inherently suffer from two critical drawbacks. First, they
require arbitrary aggregation of rating events into fixed horizons, ignoring the fact that credit
deterioration occurs continuously. Second, DTMC transition matrices often fail the embeddability
condition, meaning no valid CTMC generator exists whose exponential recovers the estimated
transitions. This problem yields economically implausible intensities and inconsistent multi-period
forecasts, especially under IFRS 9 requirements for lifetime default prediction [3]. Empirical
findings show that DTMC models produce unstable long-term PDs and insufficient sensitivity to
macroeconomic cycles.

2.2. Continuous-time Markov chains and generator estimation

Continuous-time Markov chains provide a more coherent representation of rating migration by
defining a generator matrix that governs the instantaneous transition dynamics. Foundational
statistical treatments of CTMCs, including parameter properties and estimation issues, are detailed
in Esquivel and Krasii’s research [1]. However, estimating a generator from discretely sampled
transitions poses substantial technical challenges. Naïve approaches based on matrix logarithms
often lead to non-real, negative, or structurally invalid generator matrices. This has prompted
extensive research into the embeddability problem, with recent contributions proposing statistically
grounded alternatives to the matrix logarithm for generator recovery [2]. Practical applications have
shown that generator estimation is extremely sensitive to sampling noise, sparse transition
observations, and the structural constraints required to ensure feasibility [8]. These difficulties
motivate the need for regularized and statistically robust estimation techniques.

2.3. State-dependent, non-homogeneous, and regime-switching CTMCs

To circumvent these constraints of time homogeneous CTMCs, various works extend the model by
making transition intensities time or (economic) environment dependent. For example, applications
of the CTMCs to credit risk involve modelling the rating triggers and collateral-dependent valuation
adjustment [4] and modelling rating migration conditional on macro-economic states [5]. Empirical
studies highlight that credit transitions are sensitive to the business cycle and to government
intervention and to external shocks, and the COVID-19 crisis is an extreme case [6]. State
dependence plays a crucial role in complex or multi-asset credit instruments, where non-
homogeneous Markov processes can capture more appropriately the behaviour of degradation [13].
Taken together, these studies emphasize the need to go beyond homogeneous intensity assumptions
in modelling real world credit dynamics.

2.4. Bayesian and regularized inference for CTMCs

Growing literature aims to resolve generator instability and data sparsity through Bayesian or
regularized estimation methods. Bayesian approaches treat transition counts as discretely observed
CTMC paths and enable uncertainty quantification in low-data settings, with modern formulations
achieving high computational efficiency [9]. Complementary to this, inverse optimization and
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entropy-based methods provide stabilizing regularization for generator estimation by matching
cumulative default statistics while enforcing smoothness and feasibility [10]. Such methods have
demonstrated effectiveness in producing well-behaved generators even when empirical transition
data is noisy or incomplete. Together, Bayesian inference and entropy regularization offer promising
pathways for constructing state-dependent generators that remain stable under structural and
economic constraints.

While these strands of research have similar conclusions that credit migration processes are best
modeled in continuous time, transition intensities must respond to economic regime to generate
realistic forecasts, and existing CTMC models are constrained by generator instability, data sparsity,
and inappropriate handling of regime effects. These gaps inspire the state-dependent CTMC
framework introduced in this paper — unifying constrained generator construction, Bayesian
inference and entropy-based regularization.

3. Model formulation

This study considers a continuous-time Markov chain (CTMC)

(1)

Taking values in a finite credit rating state space     where states are ordered from
highest credit quality      to default (    ). The evolution of the process is characterized by a
generator matrix     , whose off-diagonal elements represent instantaneous transition intensities.
Classical homogeneous CTMCs assume a constant generator   , but this assumption often fails to
reflect real rating behaviour or economic cycles [1,6]. To address these limitations, this study
introduces a state-dependent, economy-sensitive generator      in which intensities vary
according to observable or latent risk factors.

3.1. Continuous-time Markov chain and generator structure

A CTMC is defined through its generator matrix

(2)

ensuring non-negativity of off-diagonal intensities and zero row sums. The transition probability
matrix over horizon     is given by the matrix exponential

(3)

which guarantees embeddability by construction. However, empirical transition matrices obtained
from discrete observations do not generally satisfy     for any valid    , giving rise to the
well-known embeddability problem [2]. Generator estimation must therefore enforce structural
feasibility, numerical stability, and consistency with observed data [8].

3.2. State-dependent generator specification

To incorporate economic dependence, this study considers a generator that varies as a function of an
observable economic state vector    , representing macroeconomic indicators, business cycle

{Xt  :  t  ≥  0}

S = 1,2, … , K,
(1) K

Q
Q

Q (xt)

Q = {qij}i,j∈S , qij ≥ 0(i ≠ j), qii = −∑j≠i qij,

t

P (t) = eQt,

P (t) = eQt Q

xt ∈ Rd
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indices, or latent risk factors:

(4)

where     is a baseline generator and     capture the sensitivity of transition intensities to
the   -th factor. This state-dependent structure generalizes piecewise-homogeneous and regime-
switching CTMCs widely studied in credit risk [4,5]. The model allows downgrades and default
intensities to rise during adverse conditions while reducing during stable periods, consistent with
empirical observations [6,7].

To ensure feasibility, this study imposes:

(5)

These constraints must hold for all possible values of     under the modelling assumptions.

3.3. Piecewise-homogeneous and regime-switching representation

A common special case is the piecewise-homogeneous CTMC, where     takes finitely many values
indicating economic regimes:

(6)

This structure captures abrupt changes in credit migration behaviour, such as those induced by
policy interventions or crisis periods [6]. Non-homogeneous Markov models in engineering and
reliability analysis similarly use time-varying generators, further supporting their relevance in credit
risk modelling [13].

3.4. Likelihood of discretely observed CTMC paths

Credit rating data are typically observed at discrete times     , meaning the
CTMC path between observations is unobserved. For a homogeneous generator Q, the transition
likelihood between     and    is as follows:

(7)

For the state-dependent case, assuming xt is piecewise constant within each interval,

(8)

Sparse transition events and discretely sampled paths lead to non-identifiability and instability in
maximum likelihood estimation, motivating Bayesian inference methods that integrate over
unobserved paths [9]. Such Bayesian formulations provide uncertainty quantification and robustness
in sparse-data settings common in credit portfolios.

3.5. Regularized and constraint-aware generator construction

Even with economic dependence, generator estimation must satisfy structural constraints and
produce realistic long-horizon cumulative default patterns. Entropy-regularized inverse modelling

Q (xt) = Q0 + ∑d
m=1 xt,mQm,

Q0 {Qm}
m

(Q (xt))ij ≥ 0 (i ≠ j), (Q (xt))ii = −∑j≠i (Q (xt))ij.

xt

xt

xt = r ∈ {1, … , R} ⟹ Q (xt) = Q(r).

0 = t0 < t1 < … < tN

tn  tn+1

P(Xtn+1 = j ∣ Xtn
= i) = (eQ Δn)ij, Δn = tn+1 − tn

Pn = eQ(xtn)Δn
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provides a stabilization mechanism by solving favourable generation linking empirical migration
matrices to possible generators [10].

(9)

With this regularization, the methodology is more stable numerically and makes explicit use of
some kind of expert knowledge or macroeconomics information. Both aspects become essential for
state-dependent generator calibration because otherwise, generator parameters have a very high
variability, which is unbounded by a low number of downgrade or default observations.

The proposed modelling framework integrates a state-dependent generator, CTMC likelihood
theory for discretely observed data, and constraint-aware, regularized inference. This formulation
supports realistic rating dynamics, embeds macroeconomic sensitivity, and overcomes limitations of
both DTMCs and homogeneous CTMCs documented in prior work [1,11,12].

4. Methodology

This section presents the estimation procedure for the proposed state-dependent CTMC model. Our
methodology integrates three complementary components:(i) constrained maximum likelihood
estimation (MLE) to ensure generator feasibility, (ii) Bayesian inference for uncertainty
quantification under sparse rating transitions, and (iii) entropy-regularized inverse modelling to
stabilize generator construction and incorporate economic dependence.

4.1. Constrained maximum likelihood estimation

Let      be credit rating observations recorded at discrete times     .
Denote      and suppose the generator is state-dependent,     . The transition
likelihood between observations is

(10)

Let    denote the number of observed transitions from    to   . The log-likelihood is

(11)

Direct MLE is complicated by (i) the nonlinearity of the matrix exponential, (ii) sparse transitions
for rare downgrade or default events, and (iii) the structural constraints

(12)

Violating these conditions leads to non-Markovian or non-embeddable generators, a well-
documented problem in credit risk [2, 8]. this study therefore solves the constrained problem

(13)

where    enforces non-negativity, row-sum-zero, and economic regularity constraints.

min
Q

DKL(Q ∣∣ Qprior) s.t.eQt ≈ Ptarget.

{Xtn}N
n=0 0 = t0 < t1 < ⋯ < tN

Δn = tn+1 − tn Q (xtn)

P (Xtn+1
= j Xtn

= i) = (eQ(xtn)Δn)
ij
.

 Nij i   j

ℓ(Q(⋅)) = ∑N−1
n=0 log (eQ(xtn)Δn)xtn , xtn+1

qij (x) ≥ 0 (i ≠ j), qii (x) = −∑j≠i qij

Q̂(⋅) = arg max
Q(⋅)

ℓ(Q(⋅)) s. t. Q(x) ∈ Qfeasible ∀x,

 Qfeasible
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4.2. State-dependent generator parameterization

Following the formulation in Section 3, this study assumes the generator has the linear structure

(14)

This specification generalizes piecewise-homogeneous and macroeconomic regime-switching
CTMCs used in credit risk and structured finance [4-6]. To guarantee feasibility, each component
matrix   must satisfy

(15)

These linear constraints allow the optimization to be solved using projected gradient or interior-
point methods while preserving generator structure.

4.3. Bayesian inference for sparse credit data

Sparse transitions, especially for high ratings or default states, make likelihood-based estimation
unstable. Bayesian CTMC inference offers a principled solution by treating the unobserved
continuous-time path between discrete observations as latent data. For each interval     , the
number of transitions and holding times can be sampled using uniformization or thinning-based
augmentation schemes [9].

Under a prior distribution on     , e.g. independent Gamma or log-normal priors on off-
diagonal intensities, posterior sampling proceeds via

(16)

This framework has several advantages: First, it mitigates the instability caused by zero or very
low transition counts. Second, it provides uncertainty quantification, which is essential for stress
testing and IFRS 9 forward-looking assessments [3]. Last, it improves efficiency in settings where
generator parameters vary over economic states.

Bayesian inference thus provides a probabilistic backbone for generator estimation in sparse or
data-limited environments typical of credit portfolios.

4.4. Entropy-regularized inverse modelling

Although MLE and Bayesian inference improve estimation robustness, generator matrices may still
be ill-conditioned or inconsistent with long-horizon empirical default statistics. To address this, this
study incorporates an entropy-regularized inverse modelling step inspired by Gzyl and Mayoral
[10].

Given target multi-period transition matrices      (estimated from historical or industry
data), this study solves:

(17)

This approach stabilizes estimation by shrinking      toward a well-behaved prior generator,
preventing extreme or volatile rates in sparse-data regimes, and ensuring consistency between the

Q (xt) = Q0 + ∑d
m=1 xt,mQm

 Qm

(Qm)ij ≥ 0 (i ≠ j), (Qm)ii = −∑j≠i (Qm)ij.

tn, tn+1

Q (⋅)

π (Q (⋅)data) ∝ L (dataQ (⋅)) π (Q (⋅))

Ptarget (t)

DKL(Q(⋅)∥Qprior(⋅)) s.t. eQ(xt)t ≈ Ptarget(t)∀t, xt.

Q (⋅)
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CTMC generator and long-run rating distributions. Such stabilization techniques are essential in
high-dimensional or state-dependent models, where unregularized estimates often exhibit high
variance or violate feasibility constraints [11,12].

4.5. Integrated estimation framework

The complete estimation framework proceeds in three steps: First, a constrained maximum-
likelihood procedure is used to obtain an initial feasible estimate of    that satisfies the required
structural properties of a valid generator. Building on this initial solution, Bayesian refinement is
introduced to incorporate parameter uncertainty and improve estimation reliability in sparsely
observed transition settings by drawing posterior samples of state-dependent intensities. Finally, an
entropy-regularization step enforces long-horizon consistency and introduces smoothness with
respect to macroeconomic variation by solving a KL-based optimization problem. Together, these
components form a unified procedure that stabilizes generator estimation, accommodates limited
migration data, and produces economically coherent transition dynamics. This integrated
methodology leverages the strengths of each component, producing a stable, economically
interpretable, and robust state-dependent generator suitable for credit risk forecasting, stress testing,
and scenario analysis.

5. Experiments

This study evaluates the proposed state-dependent CTMC framework through a con-trolled
simulation study and an empirical analysis based on real-world credit rating migration data. The
objectives are to assess generator feasibility, transition accuracy, macroeconomic sensitivity, and
stability relative to DTMCs, homogeneous CTMCs, and naïve IFRS 9-style benchmark models
[3,11,12].

5.1. Simulation study

Simulation experiments provide a controlled environment in which the true generator      is
known, allowing direct evaluation of estimation accuracy. this study considers a four-state rating
system      with D representing default. Transition dynamics follow a state-dependent
generator of the form

(18)

where     represents adverse, neutral, and favourable macroeconomic regimes. Parameter values
are chosen to reflect realistic downgrade/default patterns consistent with empirical studies [6,7].
Sample paths are generated at daily resolution over a five-year horizon using uniformisation.

For each simulated dataset, this study estimates the generator using several alternative approaches
to enable a comprehensive comparison. The baseline methods include a homogeneous CTMC
estimator based on maximum likelihood and a DTMC-based approximation obtained through the
matrix logarithm. In addition, this study implements the proposed constrained MLE procedure to
obtain a structurally valid generator. To further account for uncertainty and sparsity in the simulated
transitions, Bayesian refinement is carried out via a path-augmentation scheme following the
approach in Tang, Astfalck, and Dunson’s paper [9]. Finally, an entropy-regularized inverse
modelling technique is employed to stabilize long-horizon behaviour and ensure consistency with

Q(⋅) 

Q (xt)

{A, B, C, D}

Q(xt) = Q0 + xtQ1,  xt ∈ {−1, 0, 1}

xt
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cumulative default patterns, following the methodology in Gzyl and Mayoral’s research [10].
Together, these estimators form a diverse benchmark set for assessing the performance of the
proposed framework under different data-generating conditions.

To evaluate the performance of alternative transition‐rate estimators, each simulated dataset is
analyzed using several benchmark methods. This study first implements a homogeneous CTMC
estimator based on maximum likelihood, followed by a DTMC-based approximation obtained via
the matrix logarithm. In addition, the proposed constrained MLE is applied to enforce structural
feasibility of the generator. To incorporate uncertainty under sparse transition data, Bayesian
refinement is performed through a path-augmentation procedure [9]. Finally, an entropy-regularized
inverse modelling approach is used to stabilize the long-horizon dynamics and ensure consistency
with cumulative default behaviour [10]. These complementary estimators provide a comprehensive
basis for comparing the robustness, accuracy, and economic interpretability of the proposed
framework. Performance is measured through:

(19)

and the accuracy of simulated default probability term structures. Particular attention is given to
embeddability violations in DTMC-based methods [2, 8].

Figure 1 illustrates the resulting one-year and three-year PD curves under each model,
demonstrating that the proposed estimator closely matches the true term structure while DTMCs and
homogeneous CTMCs underestimate cycle sensitivity.

Figure 1. Simulated PD term structures under different estimation methods

5.2. Empirical study

For empirical evaluation, this study uses a credit rating dataset consisting of annual transitions for
corporates and financial institutions. Transition matrices are constructed following the frequency-
based approach and adjusted for sample size effects using the methods through F. Liu and Y. Song
[7,11,12]. Macroeconomic indicators include GDP growth, unemployment rates, and credit spreads,
which determine the regime variable     in the state-dependent generator [5].

To benchmark the proposed model against existing methodologies, this study estimates a range of
transition‐rate models on each dataset. These include naïve DTMC transition matrices obtained
directly from observed frequencies, homogeneous CTMC generators calibrated via maximum

∣∣Q̂(x) − Q(x)∣∣F , LL = ∑n log(eQ̂(xtn)Δn)Xtn,Xtn+1
,

xt
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likelihood, and non-homogeneous CTMC specifications whose intensities evolve with
macroeconomic regimes. In addition to these baselines, this study also implements the full proposed
framework that integrates constrained generator estimation, Bayesian refinement, and entropy
regularization to enhance statistical stability and economic interpretability.

Model performance is then evaluated across several dimensions to capture both statistical fit and
economic relevance. Specifically, this study assesses out-of-sample log-likelihood, the accuracy of
one-year and lifetime probability-of-default (PD) forecasts, and the stability of long-horizon
transition matrices. this study further examines model responsiveness to macroeconomic shocks and
consistency with historical rating distributions, providing a comprehensive evaluation of how well
each specification captures observed migration behaviour and underlying credit dynamics.

State-dependent CTMCs exhibit greater downgrade sensitivity during recessions and smoother
long-term behaviour than DTMCs, consistent with empirical patterns reported in [6,13]. The
entropy-regularized generator also avoids the instability observed in matrix-logarithm and
unconstrained CTMC estimators.

In all scenarios the proposed model delivers optimal generator feasibility, economic sensibility
and prediction. It corroborates the use of state-dependent CTMC as a faithful structural basis for
default forecasting and stress testing.

6. Results and discussion

This section presents the empirical and simulation results obtained from the pro-posed state-
dependent CTMC framework. this study compares the performance of four models: (i) DTMC with
naïve frequency-based estimation, (ii) homogeneous CTMC estimated via MLE, (iii) non-
homogeneous CTMC driven by economic regimes, and (iv) the full proposed model integrating
constrained MLE, Bayesian refinement, and entropy-based inverse optimization [9,10]. Our
discussion focuses on generator feasibility, transition accuracy, macroeconomic sensitivity, and
long-horizon default forecasting.

6.1. Generator feasibility and numerical stability

Across all datasets, the DTMC matrix-logarithm method frequently fails to yield a valid generator,
producing negative intensities or complex eigenvalues, consistent with findings in Goolsby and
Stokes’ research [2,8]. Homogeneous CTMCs reduce these issues but still exhibit instability for low-
frequency downgrade events and default transitions.

In contrast, the proposed model consistently produces feasible generators that respect non-
negativity and row-sum constraints for all macroeconomic states. The entropy regularization term
stabilizes estimation by preventing extreme or volatile intensities, while the Bayesian step mitigates
the impact of sparse transition counts. This results in significantly lower variance in estimated
intensities compared with unconstrained CTMC estimators.

6.2. Transition accuracy

Table-based comparisons of transition probabilities demonstrate that the pro-posed model achieves
the highest in-sample and out-of-sample log-likelihood values among the four benchmark methods.
Homogeneous CTMCs systematically underestimate downgrades during stressed periods, while
DTMCs overestimate upgrades or produce erratic patterns, reflecting the shortcomings noted by
Ralston and Le [3,11].
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State-dependent CTMCs correctly capture asymmetric shifts in transition behaviour across
macroeconomic regimes, with transitions into lower ratings increasing substantially during adverse
states. These dynamics align with empirical observations from structural and macroeconomic studies
[6,7].

6.3. Default probability term structures

Figure 1 illustrates representative results for the simulated setting. The homogeneous CTMC yields
overly smooth PD curves that fail to respond adequately to economic shocks, while DTMCs produce
irregular and sometimes non-monotonic patterns. These effects are consistent with the limitations
documented in Pourbijan and Pan’s paper [12,13].

By contrast, the proposed model accurately reconstructs the true PD term structure across one-
year, three-year, and five-year horizons. Downgrade intensities increase in adverse regimes, leading
to elevated short- and medium-term default probabilities. This responsiveness is desirable in risk-
sensitive applications such as IFRS 9 provisioning and stress testing [3].

6.4. Macroeconomic sensitivity

A key advantage of the state-dependent formulation is its ability to reflect changes in
macroeconomic conditions. When economic indicators signal re-cessionary periods, the estimated
transition matrices exhibit higher downgrade and default intensities, consistent with the
macroeconomic dependence reported in [5]. This produces more realistic scenario-dependent
transition paths than homogeneous CTMCs, which assume static behaviour across all periods.

Also, the entropy-regularized generator is smooth across adjacent states and regimes, so not
subject to the regime-switching DTMC methods’ tendency of having discontinuities.

6.5. Comparison with benchmarks

Overall, the proposed framework consistently outperforms DTMC and homogeneous CTMC
benchmarks. It delivers structurally valid and numerically stable generators, achieves higher in-
sample and out-of-sample transition likelihood, and produces more accurate PD forecasts across
multiple horizons. The state-dependent intensities also exhibit stronger responsiveness to
macroeconomic regimes, while maintaining robustness under sparse observations.

These results demonstrate that state-dependent CTMCs offer a more robust and economically
interpretable framework for modelling credit rating migration, consistent with the findings and
theoretical motivations of prior studies [1,4].

7. Conclusion

This paper develops a state-dependent continuous-time Markov chain framework for modelling
credit rating migration and default risk. Motivated by the limitations of DTMC models and
homogeneous CTMC approaches, such as embeddability violations, instability under sparse data,
and insufficient macroeconomic sensitivity, this study integrates three methodological components:
constrained generator estimation, Bayesian refinement for discretely observed transitions, and
entropy-regularized inverse modelling. Together, these elements produce feasible, economically
interpretable, and numerically stable generators across macroeconomic regimes.

Simulation and empirical studies demonstrate that the proposed model out-performs DTMCs and
homogeneous CTMCs in transition accuracy, likelihood performance, and responsiveness to
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economic conditions. In particular, state-dependent CTMCs more realistically capture downgrade
pressure during adverse environments and yield smoother, more consistent default probability term
structures.

In summary, the findings suggest that state-dependent CTMCs can serve as a reliable building
block for the forward-looking measurement of credit risk, provisioning under IFRS 9 and scenario
analysis. It would be possible for future research to include other latent factor dynamics, multi-name
credit dynamics and high-frequency macroeconomic signature in such a framework, in order to
refine the predictive capability.
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